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3

fl-37=6 . fig ) - ( 'g - 3) (
'

g -141=-36.43 ! - 26% . 13N - 12.5

2. one critical points of the DE are the constant solutions , such
that y'so , i.e. fly )=o . Gheg are y . - 4. y . -Fs and y=r3

s
.

fly ) NY y -B is
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I. a, y
'
e 2Htt) y

' last order nonlinear DE
, separable

yea is a solution ; but it does not satisfy the initial condition .
So

,
can suppose y to and divide both sides of the equation by y :

¥ y l = 2Gt t) . Integrate wut to ti

f ¥ y
' dt = 2 fatDolt
-

dry
i.e. - by = 2b t t' t C , ,

C
,
constant

I
ie. y = -
-

2b +tic

Determine c form the amebae condition : ycold

I = y (O) = - Ig , ive .
C = - I

,
.

Ahe solution of the NP is yet) = - 1-
It

.

Cl)
Itt 62 - I .

Htt'-1=0 ⇒ to lift = II ra

Shima Fast
,
the largest onterrae containing 0 where the

solution is defined is It - R2 , ItFal

(2) y
'
- Ey t ( ti ) et

-I is a 1st order nonhomogeneous linear DE
I- write it as y

'
t pity = get where pet) = - t , get) Tt - i ) et

-I

Am integrating factory A) is determined Cup to an additive constant) by

gag , e
SM"dt

.

e

- ftdt
. e- It + c



So we fix µ = e-
It? since

Nlt) y
'
- g Itt y = Alt y I

'

the D8 becomes

4th yCtl )
'
= Nlt) GH)

ie. Ntl y Ctl = I µ It) gctdt.ge
- Tttt - y et- I de

= g e
- talk-at +"(t -D dit

= g e
- Itt-D?( f.Ddt a- Ig lb -D2

= Je
' "
du

delict -Ddt

= - e-
"
t C

= -e
- Ect - y

2

to

i.e
. yet, = - e

- Itt -"' +It! c [ Ct -Ditz . -sting
it. I

=
- e a tC

we froe the constant C wormg the mitral comdutrow yCola :

i = yeol e - e-
'b
t C

,
so e . it e-

'k

Ghees : the solution of the given NP is yet) = - et
-I
+ I +e- I

I
.
Ghee solution of G ) is deformed for all tEIR . One can check it from
its formula , but we could have also predicted it a priori wormg the
theorem of existence and uniqueness of the solution of linear DE,
since the functions p and g are continuous on the entire IR .



I . Mac,y) t Nbc, y) y
'
so is exact provided 811=81

[ in this case : Mca, y) ,
Ncsc,y) . odd J

Y "

x y
• If MGuy) =3say

'

and Nbc , y) = It 2×43 , then

3- = Goofy , gIy=6xy2 . so g- t o

and ca) is not exact .

• Tf Mla, y ) = It 20043 and Nbc, y) = 3×242, then

gM_y = 60cg
' and §, Gay ? So gDy=gNq and tr) is exact .

2. If floc,y) oatrrofre's Mbc, y) - 0¥ ,
Nbc,g)=3 , then

46447 = f Mca, y) doo th ly ) = fu today3) doc th ly)
= act ofy

3 th ly)

3×242 = Mx, g) edgy = 3×242 they] ⇒ h' ly ) -- o ⇒ ency) = Co constant

Ghees 4044) - go too' y
' + Co

Zhe solutions of the differential equation (t) oatrofy the
implicit equation

oct say 3 = C ,
c constant

Locutions can be found win explicit form : for actor

Y - (CIA )
"
. ( ¥. - ÷ )

"



(a) det ( A -RI ) = I -4g t.sn?y/=C4tDllltXt6=R2tl5At50
(1) 94154450=0 ⇐ A = - 15 I ¥-25 = - 1515 =L

"

T a-
-5

A has eigenvalues 4=-10 and 22=-20
• • = (Yz) is eigenvector of A for the eigenvalue R , = - to ⇐
(B - AI) a-⑧ sire . fgnrissngg.ie . rainy . so (b) is eigenvector
of A fin 4=-10 .

• • = (Yz) is eigenvector of A with eigenvalue as = -5 ⇐

(B - AGI) now =D ,
ive { Ni - 2NEO ⇐s me 2N. . So (9) is eugenics3N, - G Vai O

ta fo ta - 5
.

Zhe general solution for the case Ca) is
oneCt) = C , e-

lot

(b) + eye
- s tf 9) . 9 , e, constant

④ frmu out(AB ) to forma A or not an eigenvalue of A- , a

directly , Armee della 1=5040 ) ,
the unique equilibrium solution

is (g) .

Since A- has two real
,
distinct and megatron eugen,

values
,
the critical point is a modal srmk and is



asymptotically stake .

⑨ C -la ) . add = a teal 3) ⇒ { 5%78::L . ive .9¥! ,
•he solution of the IVP is sect) = e- lot (j ) -Est ( 3)
live .

KCt) = e-
tot.ge- St{ ago) =3 e-lot . e-5T

(b) In this case, D- is a diagonal matrix .

Its eigenvalues are

4--8=-2 . Ghere are two linearly independent ( v re.
not proper,

bromal) eigenvectors , namely (d) and ( Y )
( D Zhe general solution of the DE is

act) = c
,
e-
at
( j ) t C, e-

at
(9)

④ 8he unique critical solution is co, o) because dirt (A) to .

•here are two equal eigenvalues strictly megaton eigenvalues
with two tin, under . eigenvectors .

So cool is a stake proper
mode and it is asymptotically doable

⑨ (f) = • lol = 9 (d) +Gf 9) ⇒ {Eigg . ahe solution to the Np is

*c%.ea4H+*4Hire⇐I÷

W fu ,v] Cog = / Ye, I, I = ur' - uh = (ft 3g) ( f - g)
'
- If-13g)

'
( f -g)

= (ft 3g) ( f
'
- g
' ) - ( f't 3g ' ) Cf-g)

=fff -13gf ' - fg' - 318g
'
-fff - 3g ' f + fig -131g 'g

= - 4 f g ' t 4 f ' g
= - 4 ( Gg' - f 'g) = - 4 I f , 8g, I =

- 4W [f , g) = - 4 Ctcost - sont)



I . yet) = positron of the mass at tonne b

(measured along a neckveal y-axis with positron

ad:::c:www.m.mnmmsnsniiisgii.F.i.ie . It.2. y
" t 12 y

'
t 264=0

v
ywith unital conditions y101=-0.5 , y

'G)=-3 mlsee .

2. y
"
t 641 -113 y =D , y G) = - 0.5, y

' lo)=-3

Homogeneous linear DE with constant caffs .

Characteristic equation ! 92-162-113=0 , 9=-3ITH - 3 Igi

General solution of the DE : yet) = C,
e- stood Cst) + go

3torn (2b) ,

Determine 9 , c, using the onitrae conditions ;
9 ,G eomst

- 0.5 = yco) = C, y
' (E) = - 3C, e-stood (2b) -2C, e-storm (2b){ - 3 = y ' co) = - 3942cg I - 3C, e- stormcat) +gayest cog (2b) )

⇒ C
,
= - 0.5{
Csi (-3-1.5)/2=-4.5/2 = - 2.25

Zhe positron at bonnet is yltl = - as e-Stood 1st) - 2.gs e-StormCat)
= - fest( cos (2b) + form lost))

3. Want Go write yet) = e-
3T Red cost -87 where .

Red ( 2b -8) = - Ig cohost) - §
,
soncost)

Roast-8) = Rest (2b) cos8 - R armCst) Arm 8 .
So look for R ,

O so that

Ross8 = - I{ korma. . q
,

⇒ R" I + Is = 95g ⇒ t.FI
• amplitude = e-Stp , e-

3T Es
4

• quasi - frequency = 2

a quasi -period = 21st = 2



\

( D set xp y , xgiy ! Hence the DE is equivalent to 04 = Az a

dad :L) . Al :L ) with A =L : is )
la's "sa.

(2) debtA - II ) =/
-I 1µg, I = Ht. 4/51=0 , ie. the eigenvalues of A are 4=0

and 92=4/5 r

(d) is eigenvector of 4=0 and (5) is eigenvector for A, 4g [ because4

A -4gI= (
- 415 d ) , and -4gNit Ngo gives Nj Isn , I

e.he general solution of the system is (FL) - C, (d) t care
-Hst (§ )

(3) btw general solution of the 2nd order equation is

yet) exit) = c, t s og e
- 4/5t

.

(4) Every point of the firm ( Ma ) is a critical point
Every solution bends to a critical point as to to because

firm. ( 39.1=9 (d) for every neutron ( 34.91, ) as in a,

(5) hence e

-% t wi gon escromentral fundson which is a solution of the
2 I

homogeneous DE 5g
"
- 4 y 1=0 , whereas be

514T
is not, and mince Ed

is a polynomial of degree 2 check is not a solution of Sy
"
- 4 y

'
so

,

where any constant function is a solution , we can look for Htt of the
- form Mt) = A te

- 514t t Bt't Ct



I
. By lonearity , for all s so where all the Laplace transforms are def ,

Lff} ( s) = - g f fest cost } Cs) - L { emChiti) Oct -3 ) } Cs)+ L { to spin@D) (s)
= - 2 I {cost} Cs-3) - e

- 3sent 341 ) t L ft
'} (s) L form (3G) } (s)

= - a

;
- en lo

. e-
"

t % ¥
Lff}(s) is deformed for s 13

( because I {cost} (s-3) is defined for s -320 and all the
other Laplace transforms are def for s so )

2. Partial fraction decomposition gives
2

Essays,j
= t stat §, = ACSE-3st21-BCSZ-4s-37-ccs.gs#(S - 3) (s-2) (s- l )

i re . (AtBtc) s' t f- 3A - 413 - 5C) St (217+3B t 6C) =3

Tohis w a polynomial identity ,
It holds of and only if

AtBtc =P ⇒ AtB t C =PIs:*.':*:. I
. :*:c:: 4¥÷.

geena by linearity 8 ?Lj . .
↳ yet, + sis Ct)g-gents - d" L⇒Al

- 3 us ft) L
"

f ) ( t -5)
= est

. sett t et - §, ugct)(t
- 5)teats)



I
. glt) - up Ct) - ugh) t ( t -2) legit) = Udt) t ( t -3) legit )
2
. Apply the Laplace transform to both sides of the DE and set 4=44} .
By linearity of the oeaplau transform , we have
Hy " } (s) + Ily} Cst Afg} (s)
5%7 - s y co) - y

'lol t Ms) =L{g} Cs)
* %

compute LqgKs) i
. -

where gilt-2) = t - 3, lie. g , (e) = t
- I

Hg} Cs) = Lf i } Cs) t d{ gift-2) Ugcbyes)

⇐%, 's +
e-wast-Hsi = 's to i 's ) 1%91%14%371

So Gts2) Ks) = It ftz- Ig) E
"

,
i.e.

-

S

"

÷ :*.. .
- sissies. sina.ie

. I :÷÷÷÷÷÷÷
.
I

-25

5
- Esa + ( ta-÷ - I +¥ ) e

Hence

ylt) . di
'{Y } (t) = I - cost + ( t - 2 -Sint-a) - I tossCt-27) ugh)

= I - cost t ft - 3-ormlt -2) t cos It -2 ) ) ugh)



i. ahe outroar points are the solutions of the system { Egg g where
FGC, y) - y (3 -x-y){ G- Gc, y ) = x (2 -x)
{ y (3-x.y) so ,

which gives as critical points (o, o) , (2,0) ,
ok 2- x) - o L 3%02 ( 0,3? , L2 , D

Q Toc - ay , Fye 3 -x - 24 J ⇒ Cohee Jacobian matrix is
a-x
' 2 - 2x, a-y

n . : ÷. )
.

no

"

:")
3
. i JK

,
o) = ( f f) .

So the linear approximation at COO)

is dog ( Y ) = ( I 3) ( Ky ) .
che eigenvalues are the solutions

of det ( Tco , o) - RIK det f - A
,

?, ) = 12 - 6=0, live .
D= It

.
So

I

10,07 is
'

a saddle point and is unstable ( two real eigenvalues
with opposite orgrid .

fc2.PT : J(2,07 = O l(g p ) . coke linear approximation at L2 , o)
is da. (g) =L: g)%) where { Tw::3

,



•he eigenvalues are the solutions of det l JC2,07 - II ) =
del !,) = 242=0 , ive.

a-sirs . For this linear system, the
critical point (UN)-10,07 is a center and is stable .

For the

nonlinear system , 12 , o) is either a center a a spiral point;
its stability is indebcrmiimd .

I : JCO , 3) = f -z -g ) . So the linear approximation at co , 3 )
is dat ( Uw ) = f

-

3g
-

3) ( Uw ) . where { Uwf?ey→ .

Ghi eigenvalues are

solutions of det ( JK ,3) -RI ) = del f
- 3- A Ig ) = 113+17 t 6 . 12+31+6 so

i.e
.
I =3 I¥4 stirs

&

g-
=
- .

So 10,3) is a
'

quiet point and it
2

is unstable because the matrix of the linear approximation has
two complex conjugate eigenvalues with real pact 70 .

IKI JI2117 = ( Ig to ) .

che einean approximation at Ca, is

dq.LY ) = I ) (aw ) where { Ywf?, .
eehe eigenvalues are the

solutions of det ( Jls , D
- AI ) = debt!

.
) = Kith) -2=141 - 2=0

live .
A -¥B ,

ie . 4=1 , AE 2 . Ghe critical point is a saddle point

and is unstable , as in the case of co,o)


