(1) A\ # X2 both not zero

In this case, Xeq = is the unique equilibrium point (or critical point).

0
0
Recall: x(t) = Cye'vy + Coe™2'vy is the general solution

> Ay # A2 and both negative, WLOG Ay < A2 < O:
Then lim;_ 1o X(t) = (8> = Xeq, I.€. all trajectories approach xeq asymptotically as

I — 4o00: we say that Xeq is asymptotically stable and we call it a nodal sink.

If C; # 0, then  x(t) = e’\2t(01 eM =Rty szz) ®
~iotoo  Co€2lVp = CoXa(t)

i.e. all solutions with C> # 0 approach Xeq along the di-
rection of Covs (=the eigenvector with eigenvalue closest
to 0).

If Cy #0, then x(t) = eA”(Cm + Cze(xz—mt\,z)

Aqt
~ts—oo  Cretvy = CyXxq(t)
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i.e. all solutions with C; # 0 backward in time approach

the direction of Cyvy.



> A1 # X2 and both positive, WLOG A1 > A2 > 0:

Then all solutions diverge from Xeq for t — +o0o and lim;—, —oc X(t) = Xeq, i.€. all
trajectories approach Xeq backward in time t — —oo: we say that Xeq is unstable and
we call it a nodal source.

If C» # 0, then x(t) = eAQt(G M2y, 4 Cng) ~sse C2€%Wo = CoXo(1)

i.e. backward in time all solutions with C, # 0 approach Xeq along the direction of Cyv»
(=the eigenvector with eigenvalue closest to 0).

If C; # 0, then x(t) = eA”(Cm + CzG<>\2_A1)tV2) ~toiee  CreMivy = Cixq(t)
i.e. all solutions with Cy # 0 move for t — oo asymptotically to a line of direction Cyv;.
(Picture as in the previous case “with arrows reversed”)

Remark: In both cases, Xeq is approached (either in positive time or backward time) in
a direction parallel to an eigenvector for the eigenvalue which is the closest to 0.



> A1 # A2 Of opposite sign, WLOG A2 < 0 < Ay:
In this case there are solutions that tend to Xeq for t — +o0, but most of the solutions

(those for Cy # 0) grows to infinity: indeed, if C; = 0, then

I|m C2 eAthQ — Xeq
t—+oo

and if Cy # 0, then
X(t) = Cy eA‘tv1 + CQGAZtVQ ~ts 4 oo Ci eA1tv1

grow to infinity in the direction of Cyvi. We say that x4 is unstable and we call it a
saddle point.
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(2) A1 75 A and A1 =0

> A =0and X2 <0

The general solution is (1) = C1X¢(1) + CoXa(t) = C1vq + Coe™2'v,

Each eigenvector v of eigenvalue A1 = 0 is of the form C;v4 and satisfies Av = 0. So
we have a line ¢ of critical points.

J. Brannan & W. Boyce, Differential equations, Figure 3.3.8, 4=0, X,<0
)

The trajectories x(t) = Civy + Coe™2'v; g
passing through points not in £ (i.e. with
C> # 0) move along half lines parallel to
Cov2 and asymptotically tend to the point
on ¢ given by lim;—, o X(t) = Cyvy .

> Ay =0and > >0

The situation is as above, with direction of
the trajectories not passing though the crit-
ical line reversed since

lim x(f) = Cyvy .

l——o0

i.e. the trajectories passing through points which are not on L tend to points on L
backward in time and diverge to infinity for t — +oc.
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