Section 3.4: Complex eigenvalues

Casell: \f = e Cand do = )y

To shorten the notation, write )\ instead of )\;.

So, we are supposing that A has two complex conjugate (and not real) eigenvalues:
A=p+iv and A=p—iv

where p, v are real numbers.

In particular: A and X are distinct and non-zero.

. V; . . .
o Eigenvectors v = (\;) associated with complex eigenvalues have usually
2

complex components vy = a; + iby, Vo = ax + ib> (with ay, by, a2, b> € R).

o lfv=a+ib= (j) + i (Z;) is an eigenvector of eigenvalue )\, i.e. Av = \v
2

thenv=a—ib= <a1) —i (b1) is eigenvector of eigenvalue ), i.e. AV = AV.

bo

o Two linearly independent solutions of X' = Ax are B
xi(t) = eMv =Mty and xp(t) = eMv = et~y

ao



We have two linearly independent complex-valued solutions of X’ = Ax, namely

(pu+iv)t

xi(t) = eMv=¢ v and  x(f) = eV = el My

We want to have two real-valued solutions.

o Xo(t) = x4 (t) [because Z's = Zs for z,s € C].

o Linear combinations of solutions are solutions (principle of superposition):
since x4 and X» = X; are solutions, so are

1 1 X; + X
= X1+ =Xp = = ReX
u 2X1+2X2 > e X
and _
wflx flx XX mx
T2t T2t T2

@ U= ReXy; and w = Im Xy are real-valued solutions.
o Fact: u and w are linearly-independent.

Conclusion: The general solution of X' = Ax is:
x(t) = Ciu(t) + Cow(t)

where C;, C, are constants.



Example:

o Determine the general solution of X’ = Ax where A = (_01 (1))

o Find the solution of the IVP for X’ = Ax with initial condition x(0) = <

1
2

).



