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Section 5.3: Inverse Laplace transform

From Section 5.2: applying the Laplace transform to the IVP
y'+ay' + by =f(t)  with initial conditions y(0) = yo, ¥'(0) = y4
leads to an algebraic equation for Y = L{y}, where y(t) is the solution of the IVP.

The algebraic equation can be solved for Y = L{y}.
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Section 5.3: Inverse Laplace transform

From Section 5.2: applying the Laplace transform to the IVP

y'+ay' +by=f(t)  withinitial conditions y(0) = yo, y'(0) = y1
leads to an algebraic equation for Y = L{y}, where y(t) is the solution of the IVP.
The algebraic equation can be solved for Y = L{y}.
We now want to determine y out Y = L{y}.

This is equivalent to inverting the Laplace transform and find y = £~ '{Y7}.

Main Topics:
o Inverse Laplace transform
o Tables of Laplace transforms
o Integrals of partial fractions
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Inverse Laplace transform of a piecewise continuous
function

Theorem (Existence of the inverse Laplace transform)

Suppose that f(t) and g(t) are piecewise continuous and of exponential order on
[0, +00).

IfL{f} = L£{g}, then f= g atall points where f and g are continuous.
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Inverse Laplace transform of a piecewise continuous
function

Theorem (Existence of the inverse Laplace transform)

Suppose that f(t) and g(t) are piecewise continuous and of exponential order on
[0, 4+00).
Ifc{f} = £{g}, then f= g atall points where f and g are continuous.

This theorem allows us to define in an essentially unique way the inverse Laplace
transform.

Definition (Definition 5.3.2)

Let f be a piecewise continuous and of exponential order on [0, +-c0).

If F = L£{f}, then f is called inverse Laplace transform of F, and we write it
f=L""(F).
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The computation of the inverse transform of a function requires advanced tools.



The computation of the inverse transform of a function requires advanced tools.

In this class we will focus on the cases which are covered by Table 5.3.1 (see below)
together some special properties of the Laplace transform (linearity and the properties
in Section 5.2).



The computation of the inverse transform of a function requires advanced tools.

In this class we will focus on the cases which are covered by Table 5.3.1 (see below)
together some special properties of the Laplace transform (linearity and the properties
in Section 5.2).

From the linearity of the Laplace transform, we obtain the linearity of its inverse:

Theorem (Theorem 5.3.3)

Suppose that f; = £L7'(F) and &, = £L~'(Fz) are piecewise continuous and of
exponential order on [0, o). Then

L7(eiFi + cF) =L (F)+ L (F)

for arbitrary constants ¢y and c,.
In other words, the inverse Laplace transform is a linear operator.
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Example:

e Find the inverse Laplace transform of the function F(s) =
Method 1: From the Table:
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e Find the inverse Laplace transform of the function F(s) =

Complete the squares: S = 3
P . "s24+25+5  (s+1)24+4°
Hence:
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e Find the inverse Laplace transform of the function F(s) = 3

s242s+5

3

Complete the squares: = .
P . 2 +25+5 (s+1)2+4

Hence:
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Partial fraction decomposition

Term in partial fraction decomposition

A
ax+b
Ao Ax
(ax+ b2 T T (ax+ by
Ax + B
ax2 +bx +c
Aox + Bo AxX + By

(ax@+bx+c)2 ' (ax?+ bx + c)k

Factor in denominator
ax+b
Ay
ax + b)k
( ) ax+b
ax? +bx+c
(without real roots)
A1X + B1
ax? + bx + c)k
( +bx+c) ax2 + bx +c
(without real roots)
Example: X 3
(x-1x-2)
X2 4 x4+ 1 B
(x—12(x-2)
X2 4 x4+ 1 B
(+1)(x-2)
X2 4 x+1

(x2+1)2(x — 2)

A n B
x—1 x-2

A Ao B
x—1 +(x—1)2+x—2
Aix + By Ao

X2 4+1 xX—2
Aix + By Aox + B> As
X2 +1 (x24+1)2  x-2
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