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• Write your answers in the provided answer box.

• Show your work and justify your answers.

• Calculators, notes, cell phones, books are not allowed.

• Please do not use red or pink ink. Maximum: 25 points

Exercise 1 [1+1+1+1+5 points]
Consider the di↵erential equation: y0 = x2y2 � 4x2.

(a) Is this di↵erential equation separable? Answer: Yes ⇤ No ⇤.

Justify:

(b) Is this di↵erential equation linear? Answer: Yes ⇤ No ⇤.

Justify. If it is linear, write it in standard form.

(c) Is this di↵erential equation exact? Answer: Yes ⇤ No ⇤.

Justify:

(d) Is this di↵erential equation a Bernoulli di↵erential equation? Answer: Yes ⇤ No ⇤.

Justify:

Please turn: Question (e) on the following page �!
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✓

yl - secy'-4) is of the form y ' = fool gly ) where fools x
' and gly) e y

'
- 4

✓

It is not linear because of the boom y
'

✓

Every separate differential equation is exact . Go check this for the test for
exactness : rewrite the DE as - set y÷y y 'so and set M Cx,y f- - X' and
NCx,y) = ¥,

. 6hm Boy = o = 9¥
r

A Bernoulli DE is of the form y
' tglady - clady

m for some real number n.

Our DE cannot be brought to this form because of the term - 4×2

(not multiplying y
'
, y n ya )



Exercise 1 (continued)

(e) Solve the di↵erential equation y0 = x2y2 � 4x2.

[Hint: you might want to use a partial fraction decomposition to compute one of the integrals]

Answer:

.

y =

Please turn �!
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yl = ally
2
- 4) separable 1st order DE . Notice that y 2-4 = Cy-2) Cy -127,

y = -12 are constant solutions . If y t -12 , i.e. y 2-41=0, can deride both sides by
y
'-4 andget : µ÷yFz, y

'
=
K2

. Integrate both sides wut x :

I cy÷⇒, odftqdx-faedx.ie . I ÷µ%, dy
= Soo da H

-

dy
Partial faction decomposition : µ÷y+, = gag + yBqz = 47+131442-47-13

)

Cy-d) Ly -127

yields : (AtB)y t SCA-B) ⇒ .
8his must hold for all y , which is possible only if

A -113=0

{ g -By ,
" re. A = ty , 13=-14

Ghees fq.gg#y+gdy=tyfydYg-tyfdd-yz=lqenly-al-tqlnlyt2l- const.
and H is solved by = ten I ¥321 t const .
tbh I 43+21 = Ig at- Co , co constant

i.e. en I 47*1 = 4gxi-G.ie . I at =e9e¥
"
,
we. yyz=Ce¥

"

where C is a constant to .

Go solve for y ,
we multiply tothe order by y-12 and detain

y - a = E Cy ta) e
413×2

. Cohen collect y and get y Cl - Ce413043=24 +c e4130
") .

Ghees y , z
Ite e ¥002
- , where C is an arbitrary constant ( C -

- o corresponds
I - c eYod bo the constant

solution yea)

q
ice

4/3×2

Essa
t C a constant ; additional

constant

solution y = - a



Exercise 2 [3 points] The size of a population of wolves is modeled by the di↵erential equation

dy

dt
= � 1

50
y(y � 100)

where y = y(t) is the size of the population at time t and k is a positive constant.

Estimate the size of the population after a long period of time if the initial size is 90 wolves.

Justify your answer.

Answer: The size of the population after a long period of time is

Please turn �!
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•
-

Che DE modeling the oboe yet) of the population at bonnet is an autonomous
1st order DE of the form deja = fly ) where fly) = - Iggy Cy- too)
The graph of f ni a parabola concave down and the roots of fly) -0 are

y = o , y too .
Che nodose of the parabola is Coq , yr ) where ago 50=1%0 and

^ fly)

yv=fl5o)= 50 .
A sketch of the graph off so-¥y

Equilibrium solutions of the DE are the solutions
of fly ) so, ve. 4=0, y doo

- = qualitative
^

Yr
graph of the

y 's fsa
g- too
,

100F- solution of the

y

-§ 4*9
NP : fly )

- -
-

yep with umbral

y↳ fo I
° t eomohtrom y co) = go

phase eine

Cehe size of the population after a Cong period of tone bends to

stabilize at the value of too units (without dupassing this value )

100 wolves .



Exercise 3 [1+2+5+2+(1 bonus) points]

Consider the matrix A =

✓
0 1
3 2

◆
.

(a) Compute the trace and the determinant of A.

Answers: The trace of A is The determinant of A is

(b) Compute the characteristic polynomial of A and determine the eigenvalues of A.

Answers: Characteristic polynomial: Eigenvalues:

(c) Find the general solution of the system of di↵erential equations x0 = Ax.

Answer:

.

(d) Find the solution of the initial value problem x0 = Ax with the initial condition x(0) =

✓
1
�1

◆
.

Answer:

Please turn �!
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trace ( GL) = 0-12=2 ; defA = If L l = a2 - l . 3=-3
2 -3

dutch -AI ) =/
-

g y!, I = -H2- A) -3=12-212-3
= H- 3) (Atl)

Ghe eigenvalues of A are the roots of the characteristic equation outCA-II 1=0
i.e. if3)(Atl)= 0 , yielding 4=3 , DE - I

12-21-3
,
i ie. (1-3) Atl) 4=3 , AE - I

eigenvectors for eigenvalue 4=3 : CA-AI) (%) Ig) , lie . (3. !)(IL) if:) , i.e .

- 304-1250

so Co's) = (Yog ) -- ai f 's ) . KEIR
Ftowing the eigenvector I, = ( b ) , we obtain the solution so, Ct) = est (b ) .
Eigenvectors for the eigenvalue 1=-1 : CA-KI) Jeff) ,

ire
. (; ; )( 39g ) =L:) , ire. 09+0550

So 13%1=1.9, ) - ai C! ) i ogEIR .

Fixing the eigenvector Is =p , ) , we obtain the solution zczlt) = Etf! ) .
Suma 4=3 and Rae - I are real and dishonor, x. , and B, form a fundamental out

of solutions of the system zu
'
= A g . Ghe general solution is therefore

x.Ct) -C, se , Ct) to,Balt) = C, est (j )tGe
-tf ; ) , G ,C, constants

One can observe that % Ct) oatrofres.gl =L ! ) . By the uniqueness of the solution
of an NP, this is the solution we are looking for . OR ! one can apply the usual

method of determining G ,Ca so that ft ) - BK) - C, (b) +G (4) live . { !
,

yielding 9=0, Get
Ahe solution of this NP is Edt)= e

- tf! ) .

~

#

I

-

I

#

-

I
→
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(e) Bonus question: 1 additional point
The system x0 = Ax is equivalent to a second order di↵erential equation ay00 + by0 + cy = 0.
Determine a, b and c.

Answer:

.

Exercise 4 [3 points]
Determine the largest interval I where the solution of the following initial value problem exists and is
unique:

(et � 1)
dy

dt
+ y =

t

t� 2
with the initial condition y(1) = 2

Justify your work. (Do not attempt to solve the di↵erential equation)

Answer: I =

5

Zhe system E
'
-AE

,
lie

. { If Egge, +7,9cg can be transformed onto an equivalent
2nd order DE with constant coefficients by oeltvmg {}§f
Zhe second equation of the system then leads to
y
" =3y -12y

'
,
i.e

. y " - 2y l - 34=0 .

Ghees cast,ol
' Cl, -2,-3) n any mom zees multiple of it , srna air,e are

deformed only up to multiplication by a mom aers constant .

(air , = Us-2 , -3) [or any man zero multiple of this rector ]

pet) get)
- -

Ghis is a linear DE . Its standard form is 44ft + e÷y =t-
The function pet) is deformed and comfymums

let-D (t-2)

provided et- i fo , i.e. for all tf o , one .
on t so, o) UK ,

to)

btw function glt) = ¥q=, is deformed and continuous provided tto, 22

Rhus both pet) and get) are def and contrarious on to;D UKib UGita)

Cetus 1=1927, because this is the largest interval entirely contained
on C - as o) Uco;2) U2;ta) and containing t= I

(O's 2)


