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o Write your answers in the provided answer boz.
o Show your work and justify your answers.
e (Clalculators, notes, cell phones, books are not allowed.
e Please do not use red or pink ink. Mazimum: 25 points

Exercise 1 [1+1+1+1+45 points]
Consider the differential equation: vy = x2y? — 422

(a) Is this differential equation separable? ~ ANSWER: Yes ﬁ No O

Justify:

g =ty bt fan, §'-(gU) thwe (X1°27 amd gg)ey -

(b) Is this differential equation linear? =~ ANSWER: Yes 0 No g

Justify. If it is linear, write it in standard form.
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(c) Is this differential equation exact? ANSWER: Yes M No [

Justify:
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(d) Is this differential equation a Bernoulli differential equation? ANSWER: Yes 0 No g

Justify:
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Exercise 1 (continued)

(e) Solve the differential equation 3’ = z%y? — 422.

[Hint: you might want to use a partial fraction decomposition to compute one of the integrals]
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Exercise 2 [3 points] The size of a population of wolves is modeled by the differential equation

dy 1
= y(y—1
= 50y(y 00)

where y = y(t) is the size of the population at time ¢,andk-is-a-positive-constant.

Estimate the size of the population after a long period of time if the initial size is 90 wolves.

Justify your answer.
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ANSWER: | The size of the population after a long period of time is (00 L\mtrlf“ .
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Exercise 3 [14+2+5+2+(1 bonus) points]
01

Consider the matrix A = 3 9]

(a) Compute the trace and the determinant of A.

T"“"“(az) Oa=2 ; dkf- \ = 02-1:3= -3

ANSWERS: The trace of A is & The determinant of A is ’3

(b) Compute the characteristic polynomial of A and determine the eigenvalues of A.
duk(A-2T ) = \'?\ ‘7& - -A2-N)-3=20-3 = (A-3)(An)
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ANSWERS: | Characteristic polynomial: AZ-20- 3} I‘%.(X‘\B) (+1)  Eigenvalues: %=3, 2.2:-'

(c¢) Find the general solution of the system of differential equations x’ = Ax.
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(d) Find the solution of the initial value problem x’ = Ax Wlth the initial condition x(0 gu/
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(e) Bonus question: 1 additional point
The system x’ = Ax is equivalent to a second order differential equation ay” + by’ + cy = 0.
Determine a, b and c.
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Exercise 4 [3 points|
Determine the largest interval I where the solution of the following initial value problem exists and is

unique:

d /
(¢! — 1) d?i +y=;—5  with the initial condition  y(1) = 2

Justify your work. (Do not attempt to solve the differential equation)
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