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Quiz n0 4

• Due Saturday, April 4, at noon (Atlanta time).

• The solution of the quiz must be your own. You may not show, discuss or compare your

solutions with anyone else.

• Please return your quiz by email to:

angela.pasquale@univ-lorraine.fr or angela.pasquale@georgiatech-metz.fr

Write “Quiz 4” in your email’s subject.

Receipt will be acknowledged by email.

• Please check that your scanned solution is readable.

• Coverage of this quiz: Chapter 3 and Chapter 4, sections 4.1 to 4.3.

• Please do not use red or pink ink. If you are use a pencil, be sure that it is dark enough.

• Maximum: 20 points

In this quiz you will be asked to use the MIT Mathlet, Linear Phase Portraits: Matrix Entry, available

at: https://mathlets.org/mathlets/linear-phase-portraits-matrix-entry/

Some indications about the MIT Mathlet “Linear Phase Portraits: Matrix Entry”:

When the [Companion Matrix] option is selected, the first row entries of the displayed matrix are

fixed to be 0 and 1. By deselecting the [Companion Matrix] option, you can choose all four entries

a, b, c, d of the matrix. The values of a, b, c, d can be fixed between �4 et 4 using the corresponding

sliders.

The point in the upper-left window gives the determinant and the trace of the displayed matrix.

If you select the [eigenvalues] option, the eigenvalues of the matrix become visible: their values

are displayed and their location is plotted in the complex plane.

The big window on the upper-right corner of the screen shows the phase plane of the system (the

coordinates are denoted by x and y instead of x1 and x2 as in the lectures). It displays the trajectories

of a few solutions.

Placing the cursor on a point of the phase plane displays its (x, y)-coordinates below the bottom left

corner of the phase plane. Clicking produces the trajectory passing through that point. You can

clear all the trajectories using [Clear], and return to the original set of trajectories by re-setting

one of the sliders for the matrix entries.
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Exercise 1 (4+3+3=10 points) Consider the system of linear DE’s x0
= Ax, whereA =

✓
2 �3

�1 0

◆

and x(t) =

✓
x(t)
y(t)

◆
.

(a) Determine its general solution.

(b) Enter the matrix A into the MIT Mathlets application. A few trajectories are displayed in the

phase portrait. A trajectory crosses the x-axis at x = 2. What is the solution having this as a

trajectory assuming that this crossing occurs at t = 0?

(c) Write the equation of the solution x(t) whose trajectory is the half-line in the 3
rd

quadrant

(i.e. where x < 0, y < 0) and so that x(0) =

✓
�1

�1

◆
.

Please turn �!
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REM ; they can also be viewed
him the MIT Mathews , seeat

the end )
Eigenvalues of A t debtA-111=0 ⇐ / 39 If I so ⇒ -H2-A -3 so ⇒ A2-2h-3=0 # D= it243,
agenredoo for a
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-
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Zhe solutions x
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Ct) = e-tv, and Xslt) =e N
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are linearly ondependent sinceAtta
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We have to frnd the solution of x'sAx with initial condition 0401=13 ) .
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-

Ghees the solution is image or out, = zeit+ zest
(see Mathew picture at the end) / yet) =L e- t .Lest

•he solutions barring trajectory on half lines are those of the fam
C
,
est fi ) a gettfp ) .

6he trajectory is on the 3rd quadrant when the

solution is out) - C, e
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namely (I
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,
= - l . Ghee required solution is therefore

t
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Exercise 2 (4+3+3 points) . Consider second-order linear di↵erential equation x00�4x0
+3x = 0

where x = x(t) is the unknown function.

(a) Find its general solution.

(b) Consider the associated dynamical system x0
= Ax (i.e. the associated system of linear DE).

Enter the matrix A into the MIT Mathlets application. A trajectory crosses the x-axis at

x = 2. What is the solution of x00 � 4x0
+ 3x = 0 which corresponds to this trajectory if we

assume that this crossing occurs at t = 0?

(c) Sketch in the phase plane the trajectory corresponding to the solution x(t) = et of x00�4x0
+3x =

0.
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Zhe characteristic equation 92-41+3=0-3310 - 17=0 has two distinct real

solutions til , Aziz .
One general solution is therefore

xtbgettczept.qcgcomstant.s.EE#-

PLEASE SEE REMARKS ON THIS QUESTION AT THE END

OF THIS FILE

Zhe associated system of 1st order DE is x' =Ax where A ' f: 4) , act)- f
Ghe general solution of the associated

-

system is hence
ya,
"

x(t) , (C, et tget ,

get + ,goat) = Get (1) 1-Get (b) . Ghee solution out) crossing the x.axis
at x. so when 6=0 is the initial condition alot (3) , ive . ( 31=(4%2)
Hence {{its:O sire { {÷ } .

Ahe corresponding solution of x"-400+3%0
+3

i
us xCt)=3 .

yet)

Tf outset, then out
.
Hence we need to sketch the trajectory of acct)- feet )

= ett ) . If fg%, eat . then ¥. I , ie.
the trajectory lies on the straight line

y ex.
Since out) set describes (ata) as te C- a.to) , the trajectory is

the half- line from a ascended) to a om y .- x ons hide the 1st quadrant
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SOMEREMARKSONTHESOLUTIO.NO#EXERetSE2a)
i
. Go frmdo the general solution of a 2nd order homogeneous diff . equation
with constant coefficients ay " t fy ' toy =o (where art , ce IR) , one does

not need to pass to the associated system of 1st order DE 's . 6he

form of the general solution only depends on the roots of the character,
ristra equalson a24 bat c = 0 .

See eeheoum 4.3.2
, p .
5 of the slides

of Section 4.3

2
. One has to pass to the associated system of DE 's to picture tragedy
vis on the phase portrait . Namely : if ye y lt) is a solution to

ay
"
ttry ' t eye on, then the corresponding solution of the associated

system is oomf where { gift, ,

Eye : if y Ct) = et is a solution of y
"
- 4y

'

tzy so , then the

corresponding solution of od =Px, where D= ff f ) , is

xctt.fe@t.g. ) = ( ee = etc ! )
crotch : here I am using the notation of the lectures .
As remarked him the estatement of Quiz ¥, the MIT Youthlets

employ a slightly different notation : the DE is ax
" thx't oooo

,

with unknown function x=Xlt) . 8he variables on the phase
psatcaits are Coo

,
Y) .
8his means that the associated system is

so'sAx with alt)= ( gift} ) . Tf alt) = et is a solution of
a
"
- 40043050 , then the corresponding solution for the associated

system is acct) = ( 9¥} ) with yetatt) . So out)= (3%3)=64). One
has to be careful in distinguishing out) and out [not bold
versus bold]



3. Back to the notation from the lectures :

• If I is a real root of the characteristic equation of ay
" tf y

'

toy -o ,

then D y(t) =
'ett is a rodentvom of ay " tfy ' toy =a Kehm .

4.21
, p .3

of shows )
④ A is an eigenvalue of the matrix A - f.Oya !ya ) of the
system associated with ay

"
t ly ' toy =D (p . g of slides)

An eigenvector of A for the eigenvalue R is (¥ )
Tm particular , we do not need to gas of slides)

compute the eigenvectors on the usual

way f- by solving CA - II) ( via ) = (f ) J to determine the solution
out) = eat ft ) of x'=D so .
All of this is of course true just because A has the very special
form A = (§! -ya ) '
• If we have a solution out) = (39¥} ) for x 's Aoc with 17=6,9 .

'

ya ) ,
then y Ct) = salt) is a solution of ay

" t by key = o and exact)-y
'(t)

(pp .83 of the Rodes)


